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Abstract: In this work, the renormalization of the second-order QCD is analyzed at
one-loop level, including an arbitrary chromomagnetic factor and quark self-interactions,
which are mass dimension four operators in this framework. The model is shown to be
renormalizable for any value of the chromomagnetic factor κ in the validity region of the




2 The model 2
2.1 Lagrangian 2
2.2 Feynman rules 4
3 Renormalization 6
3.1 Counterterms 6
3.2 Superficial degree of divergence 7
4 Divergent amplitudes 9
4.1 Gluon self-energy 9
4.2 Fermion self-energy 10
4.3 Ghost self-energy 11
4.4 Quark-quark-gluon vertex 11
4.5 Ghost-ghost-gluon vertex 12
4.6 Three-gluon vertex 13
4.7 Quark-quark-gluon-gluon vertex 14
4.8 Four-gluon vertex 15
4.9 Four-quark vertex 16
5 Beta functions 19
6 Summary and conclusions 21
1 Introduction
The idea of a second order formalism for spin 1/2 fermions can be traced back to Feynman
[1] and Gell-Mann [2]. Applied to QCD, this formalism has proved to be very useful in
the efficient determination of multi-gluon amplitudes due to its resemblance with scalar
calculations (see for example [3] and further references). Important developments can be
found in [4] and specially in [5] for the non-abelian gauge theory. More recently, an analysis
of the anomalous chromomagnetic moment couplings of the top quark was performed in
[6], where a second order formalism was used.
In general, an anomalous magnetic moment can be implemented naturally in a second
order theory, and besides, it can be properly renormalized at one-loop level in the abelian
version if point-like four-fermion interactions are included [7, 8]. Notice that this is possible
because fermion fields have mass dimension one in this case. The purpose of this work is to
– 1 –
generalize this result to a non-abelian gauge theory, analyzing the one-loop renormalization
of the QCD of second order fermions with an arbitrary chromomagnetic factor in presence
of fermion self-interactions. The starting point of this paper is the Poincare´-projector
formalism [9, 10], a framework based on the projection onto irreducible representations
of the Poincare´ group, constructed to solve the problems of the quantum description of
interacting high spin fields.
Second order fermions are conceptually different to Dirac fermions. If no constraint is
imposed, a second order fermion contains 8 dynamical degrees of freedom. As shown in [4,
5], there is a consistent reduction of dynamical degrees of freedom and a direct connection
between second order fermions and the Dirac formalism only if the chromomagnetic factor
(or gyromagnetic in the abelian version) is set to the fixed value κ = 2. Therefore, the
results obtained in this work do not directly apply to Dirac fermions, but only to second
order ones. It is also unclear if the renormalizable theory described here corresponds to
a perturbation theory about a sensible zeroth-order Hamiltonian. Further work must be
done in order to elucidate the physical status of the model. However, in its present form,
this theory might be useful as a suitable starting point for the formulation of effective field
theories.
This paper is organized as follows: In Section 2, the basics of the model are presented.
The renormalization procedure is sketched in section 3. Section 4 is devoted to the calcu-
lation of the divergent piece of all the potentially divergent amplitudes of the theory and
section 5 to the determination of the corresponding beta functions. Finally, the conclusions
of the work are discussed in section 6.
2 The model
2.1 Lagrangian
The basic dimension four SU(Nc) gauge invariant Lagrangian in the Poincare´-projector







where q are the quark fields, living in the fundamental representation of SU(Nc), with










Aaµ stands for the gluon field, t
a are the generators of SU(Nc) (1 ≤ a ≤ N
2
c − 1), and the









with structure constants fabc defined by
[ta, tb] = ifabc. (2.4)
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The space-time tensor Kµν in the quark kinetic term is defined as
Kµν ≡ gµν − iκMµν − iκ′M˜µν , (2.5)
with the Lorentz generators Mµν for the (1/2, 0) ⊕ (0, 1/2) representation, their dual gen-
erators M˜µν = ǫµναβMαβ/2 and arbitrary constants κ, κ
′. Here κ can be identified with
the chromomagnetic factor, and κ′ parameterizes parity violating chromoelectric dipole
interactions (see [7, 8] for further details and conventions). Setting κ = 2 and κ′ = 0,
eq. (2.1) describes the second order formalism for QCD [5]. In this paper, the analysis is
restricted to κ′ = 0, with κ kept arbitrary.
In order to obtain the gluon propagator from eq. (2.1), the gauge is fixed through a















cc, where the unit matrix
in the adjoint representation δab is written down explicitly. Introducing an auxiliary scalar




(Ba)2 +Ba∂µAaµ − c¯
a (∂µDµc
a) , (2.7)
As stated in the introduction, second order fermion fields have mass dimension 1
in four space-time dimensions, and therefore, also Nambu-Jona-Lasinio-like interactions
[11, 12] are dimension-four and gauge-invariant. For a large number of quark flavors, the




























Thus, the complete Lagrangian of the model is
L = LSU(Nc) + Lgauge + Lself. (2.9)











parameterized by the infinitesimal anticommuting constant θ.
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2.2 Feynman rules
The quadratic part of L gives the propagators shown in figure 1. Defining  [p] ≡ p2 −






























The Feynman rules for the interaction vertices of L are shown in figure 2, with the
following definitions:
W µνρ(q1, q2, q3) =(q1 − q2)
ρgµν + (q2 − q3)
µgνρ + (q3 − q1)
νgρµ, (2.14)
W abcdµνρσ =f
abef cde (gµρgνσ − gµσgνρ) + f
acef bde (gµνgρσ − gµσgνρ) (2.15)
+ fadef bce (gµνgρσ − gµρgνσ) ,
V µ(p′, p) =
[











The 4-quark vertex is given by







ρ, c σ, d






q1, µ, a q2, ν, b
ig2V abµν
µ, b







Figure 2. Feynman rules for the second order QCD of self-interacting quarks with arbitrary
chromomagnetic factor.










































































for explicit flavor (1 ≤ ik ≤ Nf ), color (1 ≤ jk ≤ Nc) and spinor (1 ≤ αk ≤ 4) indices of
the quarks labeled with momenta pk (1 ≤ k ≤ 4) in the corresponding diagram of figure 2.
For closed quark loops, a factor of −1 given by Fermi statistics must be included, as well as
the appropriate symmetry factors for closed gluon loops. In second order QCD with κ = 2,
– 5 –
an additional 1/2 factor can be attached to each spinor space trace in order to provide
a direct connection between the second order formalism and the Dirac one [4, 5]. In this
work the convention used in [8] is adopted, where the trace of the spinor unit matrix is
written as tr[1s] = τ , with τ = 4 for the second order formalism in its natural form, and
the formal relation τ = 2 for comparison with Dirac QCD.
The SU(Nc) conventions used in this work are
tr[tatb] = TF δ
ab,







ifacdif bdc = CAδ
ab, CA = 2TFNc,
(2.20)
with TF as the normalization constant for generator traces, and CF (CA) as the Casimir
of the fundamental (adjoint) representation.
3 Renormalization
3.1 Counterterms



































































































with Kµν0 ≡ g
µν − iκ0M
µν .
















together with the renormalized parameters
gr = Z
−1









S λS0, λPr = Z
−1






λSt0, λPtr = Z
−1
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where L rfree (L
r
int) is the same Lagrangian as Lfree (Lint) with renormalized fields and
couplings. The new renormalization constants introduced in eqs. (3.5) and (3.6) are
defined as follows:
Zmq2 = ZmZq, ZA3 = ZgZ
3
2








AZc, ZAq2 = ZgZ
1
2






AZq, ZκA2q2 = ZκZ
2





q , ZTq4 = ZTZ
2









In the following, for simplicity, the suffix r will be removed in the renormalized pa-
rameters, keeping the suffix 0 for the bare quantities. In this notation, the Feynman rules
for the renormalized fields are given in figures 1 and 2, while the corresponding rules for
the counterterms are shown in figures 3 and 4.
3.2 Superficial degree of divergence
The superficial degree of divergence D for this theory is analogous to that of scalar QCD
(SQCD). A Feynman diagram with NG external gluon lines, NF external quark lines and
NFP ghost lines has




The factor 3/2 takes into account the fact that half of the ghost internal lines adjacent to
ghost external lines in the Feynman diagram do not contribute to D due to the peculiar
form of the ghost-ghost-gluon vertex.
The eight superficially divergent Feynman amplitudes are the gluon, ghost and quark
self-energy parts and the 3-gluon, ghost-ghost-gluon, quark-quark-gluon, 4-gluon and quark-

















• gfabcWµνρ(q1, q2, q3)δA3
p1 p2












ρ, c σ, d
µ, a ν, b
• −ig2W abcdµνρσδA4
µ, b







+iλT δTq2M⊗M + iλTtδTtq2Mt⊗Mt
Figure 4. Counterterms for 3-point and 4-point vertices.
level for arbitrary covariant gauge in dimensional regularization and in the MS scheme,
using a commuting γ5 withMµν in d = 4−2ǫ dimensions. As in [8], γ5 is present only in di-
agrams with self-interactions, and therefore, pure QCD diagrams are free from dimensional
regularization inconsistencies. The same observations made in [8] regarding self-interactions
are applicable in this work, and further study must be done in this direction.
– 8 –
Figure 5. Feynman diagrams for the gluon self-energy at one-loop.
In d dimensions, the renormalized parameters scale according to
gr → µ
ǫgr, mr → mr, κr → κr,
λSr → µ
2ǫλSr, λPr → µ
2ǫλPr, λTr → µ
2ǫλTr,
λStr → µ
2ǫλStr, λPtr → µ
2ǫλPtr, λTtr → µ
2ǫλTtr.
(3.9)
In the next section, the divergent pieces of the superficially divergent amplitudes are




The gluon self-energy at one-loop level is








where −iΠ∗abµν (q) stands for the contribution of the one-loop diagrams in Figure 5. As
expected, Πabµν(q) is transverse
Πabµν(q) = (g
µνq2 − qµqν)δabΠ(q2), (4.2)




















+ δA + finite. (4.3)























Figure 6. Feynman diagrams for the fermion self-energy at one-loop.
4.2 Fermion self-energy
The fermion self-energy at one-loop level reads
− iΣ(p2) = −iΣ∗(p2) + ip2δq − im
2δmq2 , (4.5)























+ CF [λSt + λPt + 3λTt ] (4.8)




+ δmq2 + finite.

















+ CF [λSt + λPt + 3λTt ] (4.10)





It is important to point out that the quark mass is in general quadratically ultraviolet
divergent in this model, a feature inherited from the close resemblance of this formalism
to SQCD.
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Figure 7. Feynman diagram for the ghost self-energy at one-loop.
Figure 8. Feynman diagrams for the qqg vertex at one-loop.
4.3 Ghost self-energy
The ghost self-energy at one-loop level is
− iΣ˜ab(k2) = −iΣ˜∗ab(k2) + ik2δabδc, (4.11)


























From the Feynman rules, the qqg vertex at one-loop level is
igΓaµ(p1, p2, q) =igt
aV µ(p1, p2) + igΓ
∗aµ(p1, p2, q) (4.14)
+ igtaV µ(p1, p2)δAq2 + igt
a[iκMµν(p1 − p2)ν ]δκAq2 ,
– 11 –
Figure 9. Feynman diagrams for the ccg vertex at one-loop.
where igΓ∗aµ(p′, p, q) stands for the contribution of the one-loop diagrams in figure 8. The
divergent piece of this amplitude lives in two form factors
Γaµ(p1, p2, q) = t
a(p1 + p2)
µΓ1 + it




























κ2 + 8− 4ξ
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+ δκAq2 + finite.



























κ2 + 8− 4ξ
)]
(4.19)
















The ccg vertex at one-loop level is unmodified by the second order formalism for fermions
−gΓ˜abcµ(k1, k2, q) = −gf
abckµ1 − gΓ˜
∗abcµ(k1, k2, q)− gf
abckµ1 δAc2 , (4.20)
with −gΓ˜∗abcµ(k′, k, q) calculated from the one-loop diagrams in figure 9. The divergent
part of this amplitude is























Figure 10. Feynman diagrams for the ggg vertex at one-loop.
4.6 Three-gluon vertex
The ggg vertex at one-loop level is
gWabcµνρ(q1, q2, q3) =gf
abcWµνρ(q1, q2, q3) + gW
∗abc
µνρ (q1, q2, q3) + gf
abcWµνρ(q1, q2, q3)δA3 ,
(4.23)
where gW∗abcµνρ (q1, q2, q3) is the contribution of the one-loop diagrams in figure 10. The
divergent piece of this amplitude is contained in one form factor
Wabcµνρ(q1, q2, q3) = f





















+ δA3 + finite, (4.25)






















Figure 11. Feynman diagrams for the qqgg vertex at one-loop.
4.7 Quark-quark-gluon-gluon vertex
The qqgg vertex function at one-loop level is obtained from the Feynman rules as
ig2Gabµν(p1, p2, q1, q2) =ig
2V abµν + ig
2G∗abµν (p1, p2, q1, q2) (4.27)
+ ig2gµν{t
a, tb}δA2q2 − ig
2 [iκMµν ] [t
a, tb]δκA2q2 ,
where the one-loop corrections ig2G∗abµν (p1, p2, q1, q2) are given by the diagrams of figure 11.
As expected, the divergent pieces of this amplitude are contained in two form factors
Gabµν(p1, p2, q1, q2) = gµν{t
a, tb}G1 − iκMµν [t
a, tb]G2 + finite, (4.28)
– 14 –
6 6 3 12
6 3 3
Figure 12. Basic Feynman diagrams for the gggg vertex at one-loop. The number indicates the




























κ2 + 8− 4ξ
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+ δκA2q2 + finite.




























κ2 + 8− 4ξ
)]
(4.32)
















The gggg vertex at one-loop level is
−ig2Eabcdµνρσ(q1, q2, q3, q4) =− ig
2W abcdµνρσ − ig
2E∗abcdµνρσ (q1, q2, q3, q4)− ig
2W abcdµνρσδA4 , (4.33)
where −ig2Eabcdµνρσ(q1, q2, q3, q4) is the contribution of the one-loop diagrams in figure 12.
The divergent piece of this amplitude is contained in one form factor
Eabcdµνρσ(q1, q2, q3, q4) =W
abcd




















+ δA4 + finite, (4.35)






































+ iλP δPq2χ⊗χ+ iλPtδPtq2χt⊗χt + iλT δTq2M⊗M + iλTtδTtq2Mt⊗Mt,
(4.37)




2) obtained from the loop diagrams in figure 13. The divergent piece









=F11⊗1+ F2t⊗t+ F3χ⊗χ+ F4χt⊗χt

































+ λSt + λPt + 3λTt
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+ λSt + λPt + 3λTt
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+ λSt + λPt + 3λTt
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+ λSt + λPt + 3λTt
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(λSt + λPt − λTt)
]







(4λSt + 4λPt − λTt)
]
+ 4λT (λSt + λPt)
+ 2CAλTt (λTt − 2λSt − 2λPt) + 2CFλTt (5λSt + 5λPt − λTt)
+ λTt
[






+ λTtδTtq2 + finite.










+ λSt + λPt + 3λTt
)
(4.45)





























































































































+ λSt + λPt + 3λTt
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+ λSt + λPt + 3λTt
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+ λPt + λSt − λTt
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(λS + λP )
+ 2CA (λTt − 2λSt − 2λPt) + 2CF (5λSt + 5λPt − λTt)












Form the renormalization constants obtained in eqs. (4.4), (4.9), (4.10), (4.13), (4.18),
(4.19), (4.31), (4.32), (4.22), (4.26), (4.36), (4.45), (4.46), (4.47), (4.48), (4.49), (4.50) and
their definition in eq. (3.7), it can be shown that the following Slavnov-Taylor identity
































The beta functions βη ≡ µ
∂η
∂µ





in the ǫ→ 0 limit





















2 − 4)− CA(κ− 2)(κ+ 6)
]
− τNfTFλTt (5.3)

















CF (CA − 2CF ) (5.4)
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2λP (2λPt + λSt) + 6λSλSt − τNfTFλ
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2λP (λPt + 2λSt)− τNfTFλ
2
Pt
















g2(12 − κ2) + 4(λPt + λSt − λTt)
]















(λPt + λSt − λTt)
]
(5.9)
+ 4CAλTt [λTt − 2(λPt + λSt)] +CF g
2κ2 [4(λPt + λSt)− λTt ]
+ 4CFλTt
[
3g2 + 5(λPt + λSt)− λTt
]




















+ (λPt + λSt + 3λTt)
]
(5.10)




Notice that there is a fixed point for eqs. (5.3)–(5.9) at κ = 2 with all self-interaction
couplings set to zero. In this fixed point, the theory has a simple connection to Dirac QCD,
which amounts to take formally τ → 2 (See [8] for an analogous discussion in QED). This is
the only choice available for pure second order QCD (vanishing self-interaction couplings).
6 Summary and conclusions
In this work, the one-loop level renormalization of QCD in the second order Poincare´
projector formalism was performed. The description of an arbitrary chromomagnetic factor
is natural in this framework and fermion self-interactions can be incorporated without
spoiling renormalizability. As expected, the conclusions of this analysis are analogous to
those of [8], and can be summarized as follows: i) Pure second order QCD is renormalizable
only for κ = 2. ii) Fermion self-interactions are also renormalizable at one-loop and make
possible the renormalization of an arbitrary chromomagnetic factor in the second order
formalism. Finally it is important to remark that the last conclusion requires a deeper
analysis due to the γ5 issues of the dimensional regularization method.
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